M3/4/5P12: Problems about induced representations

1. We define the 1-dimensional representation (V, p) of C,, by setting p(s) := ¢ for some

¢ € C with ¢" = 1. Then Res% Ind§ V is a 2-dimensional representation, and it is

isomorphic to V, @& V;, where V, = V as representations of C,, and s acts on V;, as

p(tst) = p(s)~'. Thus, Ind% V is irreducible as a representation of G' = Dy, if and
only if py(s) # py(s)~!, or in other words, if py(s) # +1. In particular, if n is odd,
Ind% V is irreducible unless (V, py) is the trivial representation.

2. We compute the characters of both representations. The character of W ® Indg Vs

Xwamagv(9) = xw(9)  Xmagv(9) = xwl9) - D xv(gigg ")
i:gigg; '€H

whereas the character of Ind% (Res$ W @ V) is

Xinds (rest wory (9) = > Xnesgwer(@i9g ) = > xw(g)xv(giggr ")
i:gi99; '€H i:9:99; ‘€H

Since the characters agree, the representations are isomorphic.

3. There are three irreducible representations of S3, namely the trivial representation, the

sign representation, and an irreducible 2-dimensional representation.

In order to compute irreducible decompositions of induced representations, we will use
Frobenius reciprocity. Frobenius reciprocity tells us that if (W, py) is a representa-

tion of G, then (Xjq¢ v, Xw) = (X Xpes¢ w)- We therefore write down the table of
restrictions of characters of S, to Ss:

{e} (1 2) (1 2 3)
size of conjugacy class | 1 3 2
XRGS% ‘/triv 1 1 1
XResg ‘/sign 1 — 1 1
XResg w 3 1 O
XResg w 3 —_ 1 O
XResg U 2 0 -1




Thus, if (V, py) is the trivial representation of Sz, then

<X1ndg V:Xtriv) = <XV,XResg Vm\,> = é (1+3+2)=1

(Xlndg Vs Xsign) = <XV,XResg vsign> = % (1-3+2)=
(X1ma6 v Xw) = XV, XResG w) = é(3 +340)=1
(Xtnag vs Xwr) = XV, XResG W) = é (3-3+0)=
(a3 = (X X o) = ¢ (240 - 2) =

It follows that Ind% V 2 Vi, @ W.
If (V, py) is the sign representation of S3, then

1

<X1ndg \%8) XW> = <XV7 XResﬁ W> - 6 (3 -3+ 0) =0
1

(Xlndg vy Xwr) = <XV7XRBS§I W) = 6

1
<XInd§V7XU> = <XV7XRes%U> - 6 (2+O_2) =0

It follows that Ind$ V = Vi, ® W'

Finally, if (V, py) is the irreducible 2-dimensional representation of Sz, then xy (3) = 2,
xv(12) =0, and xv(123)=—1. Then

(Xtnd§ v+ Xtriv) = (XV's XRes§ Vi) = % (24+0-2)=0
<X1ndg Vs Xsign) = (XV, XRes$ vsign> = é (240-2)=0
<Xlnd§, Ve Xw) = <XV,XRCS§I W) = é(fi +0+0)=1
(Xtmag v> Xw') = XV XRes§ wr) = é (6+0+0)=1

1

<XInd§IV’XU> - <XV7XReSgU> = 6 (4—|— 0+ 2) =1

It follows that Ind V=W e W' @ U.

4. We first compute the inner product of xy,q¢ v with itself: (Xy,q¢ vs Ximag v) = 22 dz.
But Frobenius reciprocity tells us that this inner product is equal to (xy, XResG 1nd§. v)

2



which is equal to the number of times V' occurs in the decomposition of Res$ Ind% V.
Bl]lt V is irreducible and dim Res% Ind$ V =[G : H] dim V, so (xv, XRes¢ mag v) < |G
H].

. Tt is enough to check that the characters of Ind$ V and Ind$ Vy, agree. Let W =V, and
let py = Pimd§ v|#z be the representation of H on W. Then if g; ggj_1 € H, we have seen

that pW(gjggj_l) = pv(gigjggj_lg[l) as linear transformations W =V, — W =V,.
Now

Xmagw(@) = Y. xwlgigg;") ZXW (9599;") =>_ xv(9ig:99; " 9:")
j:9599; '€H J
Note that we have used the assumption that H < G is a normal subgroup. But
{9:9;}; = {g;};, so we may rearrange the last sum to get
Xina w (9) = > xv(9i9599; ' 9i") ZXV 93995 ") = Xmat v(9)
J

as desired.



