
M3/4/5P12: Problems about induced representations

1. We define the 1-dimensional representation (V, ρ) of Cn by setting ρ(s) := ζ for some
ζ ∈ C with ζn = 1. Then ResGH IndG

H V is a 2-dimensional representation, and it is
isomorphic to Ve ⊕ Vt, where Ve ∼= V as representations of Cn and s acts on Vt as
ρ(tst) = ρ(s)−1. Thus, IndG

H V is irreducible as a representation of G = D2n if and
only if ρV (s) 6= ρV (s)−1, or in other words, if ρV (s) 6= ±1. In particular, if n is odd,
IndG

H V is irreducible unless (V, ρV ) is the trivial representation.

2. We compute the characters of both representations. The character of W ⊗ IndG
H V is

χW⊗IndGH V (g) = χW (g) · χIndGH V (g) = χW (g) ·
∑

i:gigg
−1
i ∈H

χV (gigg
−1
i )

whereas the character of IndG
H(ResGH W ⊗ V ) is

χIndGH(ResGH W⊗V )(g) =
∑

i:gigg
−i
i ∈H

χResGH W⊗V (gigg
−1
i ) =

∑
i:gigg

−i
i ∈H

χW (g)χV (gigg
−1
i )

Since the characters agree, the representations are isomorphic.

3. There are three irreducible representations of S3, namely the trivial representation, the
sign representation, and an irreducible 2-dimensional representation.

In order to compute irreducible decompositions of induced representations, we will use
Frobenius reciprocity. Frobenius reciprocity tells us that if (W, ρW ) is a representa-
tion of G, then 〈χIndGH V , χW 〉 = 〈χV , χResGH W 〉. We therefore write down the table of
restrictions of characters of S4 to S3:

{e} (1 2) (1 2 3)
size of conjugacy class 1 3 2

χResGH Vtriv
1 1 1

χResGH Vsign
1 −1 1

χResGH W 3 1 0

χResGH W ′ 3 −1 0

χResGH U 2 0 −1
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Thus, if (V, ρV ) is the trivial representation of S3, then

〈χIndGH V , χtriv〉 = 〈χV , χResGH Vtriv
〉 =

1

6
(1 + 3 + 2) = 1

〈χIndGH V , χsign〉 = 〈χV , χResGH Vsign
〉 =

1

6
(1− 3 + 2) = 0

〈χIndGH V , χW 〉 = 〈χV , χResGH W 〉 =
1

6
(3 + 3 + 0) = 1

〈χIndGH V , χW ′〉 = 〈χV , χResGH W ′〉 =
1

6
(3− 3 + 0) = 0

〈χIndGH V , χU〉 = 〈χV , χResGH U〉 =
1

6
(2 + 0− 2) = 0

It follows that IndG
H V
∼= Vtriv ⊕W .

If (V, ρV ) is the sign representation of S3, then

〈χIndGH V , χtriv〉 = 〈χV , χResGH Vtriv
〉 =

1

6
(1− 3 + 2) = 0

〈χIndGH V , χsign〉 = 〈χV , χResGH Vsign
〉 =

1

6
(1 + 3 + 2) = 1

〈χIndGH V , χW 〉 = 〈χV , χResGH W 〉 =
1

6
(3− 3 + 0) = 0

〈χIndGH V , χW ′〉 = 〈χV , χResGH W ′〉 =
1

6
(3 + 3 + 0) = 1

〈χIndGH V , χU〉 = 〈χV , χResGH U〉 =
1

6
(2 + 0− 2) = 0

It follows that IndG
H V
∼= Vsign ⊕W ′.

Finally, if (V, ρV ) is the irreducible 2-dimensional representation of S3, then χV (3) = 2,
χV (1 2) = 0, and χV (1 2 3) = −1. Then

〈χIndGH V , χtriv〉 = 〈χV , χResGH Vtriv
〉 =

1

6
(2 + 0− 2) = 0

〈χIndGH V , χsign〉 = 〈χV , χResGH Vsign
〉 =

1

6
(2 + 0− 2) = 0

〈χIndGH V , χW 〉 = 〈χV , χResGH W 〉 =
1

6
(6 + 0 + 0) = 1

〈χIndGH V , χW ′〉 = 〈χV , χResGH W ′〉 =
1

6
(6 + 0 + 0) = 1

〈χIndGH V , χU〉 = 〈χV , χResGH U〉 =
1

6
(4 + 0 + 2) = 1

It follows that IndG
H V
∼= W ⊕W ′ ⊕ U .

4. We first compute the inner product of χIndGH V with itself: 〈χIndGH V , χIndGH V 〉 =
∑

i d
2
i .

But Frobenius reciprocity tells us that this inner product is equal to 〈χV , χResGH IndGH V 〉,
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which is equal to the number of times V occurs in the decomposition of ResGH IndG
H V .

But V is irreducible and dim ResGH IndG
H V = [G : H] dimV , so 〈χV , χResGH IndGH V 〉 ≤ [G :

H].

5. It is enough to check that the characters of IndG
H V and IndG

H Vgi agree. LetW = Vgi and
let ρW := ρIndGH V |H be the representation of H on W . Then if gjgg

−1
j ∈ H, we have seen

that ρW (gjgg
−1
j ) = ρV (gigjgg

−1
j g−1i ) as linear transformations W = Vgi → W = Vgi .

Now

χIndGH W (g) =
∑

j:gjgg
−1
j ∈H

χW (gjgg
−1
j ) =

∑
j

χW (gjgg
−1
j ) =

∑
j

χV (gigjgg
−1
j g−1i )

Note that we have used the assumption that H C G is a normal subgroup. But
{gigj}j = {gj}j, so we may rearrange the last sum to get

χIndGH W (g) =
∑
j

χV (gigjgg
−1
j g−1i ) =

∑
j

χV (gjgg
−1
j ) = χIndGH V (g)

as desired.
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